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Critical Mode Interaction in the Presence
of External Random Excitation

G. Leng* and N. Sri Namachchivayat
University of Hllinois, Urbana, Illinois 61820

The effects of random external excitation on nonlinear systems with marginally stable/ unstable modes is
studied within the context of stochastic bifurcation theory. Using the method of stochastic averaging, a Markév
approximation is derived and a perturbation technique is developed to solve the resulting Fokker-Planck
equation. It is found that, due to mode interaction through system nonlinearities, deterministic bifurcation
characteristics are not preserved in the presence of external random excitation. In general, one critical mode can
experience a stabilizing effect at the expense of the other. The theory is then applied to a flight dynamics problem

at large angles of attack and sideslip.

Nomenclature}

A, A, A =square matrices, dimension n, n., and
ng, respectively

Con = coefficient of trial r™z"

d.(1), ds(2) =nonwhite external random excitation

E = expectation operator

f), fo(x), f:(x) =nonlinear vector fields

Sims &rims Pram = coefficient of the nonlinear term:
xky Izm

G =n X m constant matrix

J =probability flux

Ly, L, = perturbation operators of the Fokker-
Planck equation

M(m,n) =the moment E[r"z"]

my, m, =n X 1 drift vectors

n =total number of state variables,
=N+ N

ne, N =number of critical and stable state
variables, respectively

P, (1) =external excitation of the roll rate

J/ =roll rate

0, Q1 =n X n diffusion matrices

R = correlation matrix

r = amplitude (polar coordinate), also yaw
rate

S, S, S =excitation intensities

W) =vector of Wiener processes

x =n vector of state variables, = [x,x;}7

X Xs =vectors of critical and stable
variables, respectively

X,¥,2 = Cartesian coordinates

=sideslip angle

é =deviation from potential flow
conditions

€ =scaling parameter

) =m vector of white noise

0 = phase angle (polar coordinate)
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1The summation convention denoted by repeated subscripts is used.

W =vector of system parameters

A =unfolding parameters

Ue Ne = bifurcation points

®(w) = power spectral density

¢ =roll angle

2 =frequency, rad/s

Subscripts

i =ith component

ij = jjth element of a matrix
Introduction

HE conventional linear model for the flight dynamics of
rigid aircraft is valid for small angles of attack and
sideslip. At large angles of attack and sideslip, the aerody-
namic stability derivatives are no longer constant and, hence,
a nonlinear analysis is required. Rhoads and Schuler! were one
of the first to perform a theorétical and experimental study of
airplane dynamics in large-disturbance maneuvers. A key fea-
ture of their work is the dependence of the stability derivatives
on the Mach number and angle of attack. The effect of large
sideslip angles was considered by Ross.2 Based on both flight
test and wind-tunnel test results, a cubic dependence of the
yawing moment on the sideslip angle was proposed, and it was
demonstrated that an unstable Dutch roll mode gave rise to an
oscillation of the aircraft wing about the roll axis. This phe-
nomenon is commonly referred to as ‘‘wing rock.’’ The work
was followed by investigations of cubic nonlinearities in the
rolling moment as well as the damping-in-roll derivatives.? In
this case, both directional divergence as well as wing rock was
accounted for, '
Various techniques are available for the analysis of nonlin-
ear systems. One such method is the pseudosteady-state analy-
sis of Young et al.* Neglecting the effects of gravity, a fifth-
order model was derived. Equilibrium solutions of such a
system were referred to as pseudosteady. Another approach is
the use of bifurcation theory by Carroll and Mehra’ and Hui
and Tobak,% where the full six-DOF model was employed in
conjunction with a nonlinear aerodynamics model based on
wind-tunnel tests. In the context of bifurcation theory, the
Dutch roll/wing-rock instability observed by Ross corre-
sponds to a supercritical Hopf bifurcation. This phenomenon
is characterized by a pair of complex eigenvalues crossing the
imaginary axes. The loss of directional stability is character-
ized by the crossing of a real eigenvalue. This is referred to as
a simple bifurcation. The dymanics of systems with eigenval-
ues close to the imaginary axes (i.e., marginally stable/un-
stable or critical modes) was studied by Cochran and Ho’
using Malkin’s method. Malkin’s method is related to the
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theory of center manifold. Basically, the theory of center
manifold is a technique whereby the marginally stable/un-
stable modes are decoupled from the stable modes and the
nonlinear analysis can then be performed on a subsystem of
lower dimension.

The extension of these techniques for the analysis of nonlin-
ear systems perturbed by random excitation has been devel-
oped by Haken,® Horsthemke and Lefever,” Papanicoloau
and Kohler,!° Knobloch and Wisenfeld,!! Coullet et al.,'? and
Namachchivaya and Leng.!® In this paper, the effects of exter-
nal random excitation on systems with marginally stable/un-
stable modes will be examined. Physically, this corresponds to
flight at large angles of attack and sideslip in a turbulent
atmosphere. In particular, the question of whether bifurcation
characteristics of the deterministic nonlinear model are pre-
served in the presence of random external excitation is posed.
The requisite stochastic bifurcation theory is stated in the next
section. This will be followed by examples of systems with one
or two critical modes. Finally, an application to a lateral flight
dynamics problem will be demonstrated.

Problem Formulation

The model for the flight dynamics of rigid aircraft takes the
form of a system of first-order ordinary nonlinear differential
equations denoted by

x' =f(x,p) )

The equilibrium or fixed points of the system are obtajned by
solving f(x,u) = 0. Sufficiently close to a fixed point, one may
approximate the dynamics with a linear model defined by

x' =A(px (0]

where the Jacobian A = [8f/0x] is evaluated at the fixed point
and is assumed to be nonsingular there. The stability of the
fixed point is then defined by the eigenvalues of the Jacobian
matrix. These eigenvalues \ are given by the roots of the
characteristic equation:

det[A(p) —NM]1=0 &)

which reduces to an nth-deg polynomial. For the fixed point
to be asymptotically stable, these eigenvalues must have nega-
tive real parts. Changes in the qualitative nature or number of
fixed points as the system parameters p are varied are called
bifurcations. The values of the system parameters p. at which
these changes occur are called bifurcation points. Thus, bifur-
cation points are the values of the system parameters at which
eigenvalues of the linearized system cross the imaginary axis.
In practice, instability often occurs with the crossing of one or
at most two eigenvalues. Thus, it is convenient to partition Eq.
(1) into critical x, and stable x;, modes with the dimension of
the stable subsystem usually much larger then the dimension
of the critical subsystem. This is denoted by

{xc'} _ [Ac 0 ] {x} . ez{fc(xaxs)} e [dc(t)} @
X' 0 As](x Js(xeXs) dy(t)
Without loss of generality, A, and A, are assumed to be in
canonical form. The eigenvalues of A, have near zero real
parts, and the eigenvalues of A; have negative real parts. The
system’s nonlinearities, typically polynomials in the state vari-
ables x, and x;, are represented by f.(x.x;) and f;(x.,x;). In
flight dynamics, these nonlinear terms are usually obtained by
interpolation of flight tests and wind-tunnel test results. The
parameter e is used to scale the interaction between the deter-
ministic system and the external excitation d.(¢) and d;(¢).
The crossing of a real eigenvalue corresponds to a loss of
static stability, and in the lateral dynamics of rigid aircraft,
this is associated with the spiral mode. For this case, A, = e2u
and the bifurcation point is simply u. = 0. The parameter p,
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which measures the marginal stability/instability of the sys-
tem, is referred to as an unfolding parameter in bifurcation
theory; the number of unfolding parameters present is called
the codimension of the bifurcation. The crossing of a complex
pair of eigenvalues causes an oscillatory or dynamic instability
(e.g., Dutch roll mode). For this case, A, is given as

ey —
ae 2 5]

w €U
and is also classified as a codimension one bifurcation even
though the critical subsystem is two dimensional. For systems
with marginally stable/unstable modes, the nature of the bi-
furcation or loss of stability, as system parameters are varied,
is characterized by certain combinations of the nonlinear
terms present. In bifurcation theory, these special combina-
tions are called normal forms. The normal forms for the
instabilities mentioned earlier and their relation to the actual
system nonlinearities may be found in Guckenheimer and
Holmes.!* The least undesirable loss of stability is a soft loss
of stability whereby the transition to a new equilibrium takes
place gradually as system parameters are varied. Henceforth,
particular attention will be paid to this mode of instability.

Now consider the system perturbed by external white noise,

where the dependence of f on the system parameters u is
implied:

x’=f(x)+Gn(t) )

This system may be represented as an Itd stochastic differen-
tial equation?s:

dx = f(x)dt + GAW (1) ©)

The probability density function of the response x, governed
by the Ito system [Eq. (6)], is then given by a parabolic partial
differential equation called the Fokker-Planck equation
(FPE):

1 3(Qup)] -

— = [ —fitep + 5 2%,

3
at Bxi
where Q is defined by

Q=GEtm"®) GT ®

The contribution from the deterministic system f;(x) is re-
ferred to as the drift component, whereas the term Qj; is called
the diffusion component. In the event that the external ran-
dom excitation is nonwhite but sufficiently broadband, a
white noise approximation for the critical modes can be made
by means of the extended stochastic averaging theorem of
Papanicoloau and Kohler.!® The important consequence of
this theorem is that, insofar as the bifurcation behavior is
concerned, the stable modes may be ignored for the case of
external random excitation. Hence, there is no need to retain
the full six-DOF model. Furthermore, it has been shown!? that
the drift term of the white noise approximation is basically the
normal form of the deterministic system. Therefore, from
now on, one need only consider the effect of random excita-
tion on the deterministic normal form.

Systems with One Critical Mode
Exact solutions to the steady-state FPE can be found easily
for one-dimensional systems. The FPE takes the form of a
continuity equation:

ap aJ
at  ax ©
where the probability mass flow (flux) J is defined as
1 Qi)
J= —fix)p +5—— (10)

2 8x,-~
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For one-dimensional systems, a steady state (dp/dt = 0) exists
if the probability mass flow is zero everywhere. This condition
is referred to as the potential flow condition.'® Now consider
a system with one critical mode undergoing a soft loss of
stability (pitchfork bifurcation):

x' = é(ux + Cx’) + enf?), (G5<0) an

The white noise approximation represented as an Itd system is
dx = (ux + Cyx3)dt + eSAW () 12)

where 82 = E[d(t + 7)d(?)] and solving the corresponding FPE
yields

ps(x) = Nexp[2(ux?/2 + Csx*/4)/5?] (13)

where the normalizing constant N is given by
N-1= S exp[2(ux?/2 + Cyx*/4)/8% dx (14)

The extrema of the probability density function (pdf) are
defined by dp,(x)/dx = 0, and these extrema correspond to
the fixed points of the deterministic system. Furthermore,
changes in the number of extrema and their nature occur at the
same bifurcation points as the deterministic system (i.e.,
s = 0). Hence, bifurcation characteristics of the deterministic
system are preserved in the presence of external random exci-
tation.

For the Hopf bifurcation, a similar analysis may be per-
formed. Consider the normal form for a soft transition
(@a<0):

X’ = e2px — wy + e(ax + by)x? + y?) + en(t) (15a)

y' =wx + épy + eay—bx)(x? + y?) + eny(?) (15b)
Applying the extended stochastic theorem, the white noise
approximation is represented in polar coordinates by the It
system:

dr = ur + ar® + (0%/2r)]dt + eSAW\(¥) (16a)

df = (w + Ebrddt + eS/rdWy(t) (16b)

Wi(t) and Wy(¢) are independent Wiener processes and S is
given by

S? =% S {coswr[R1(7) + Ra(7)] + sinwr[R12(7) — Ry (1)}dr

(17a)
where
Rij(7) = E[n:(t + Dn; (1)} (17b)
The steady-state FPE is then explicitly:
3 a? 0%dp;
=2 3,9 2%
0 r [(p.r +ar’ + 2r>ps(r,()) 2or
3 a2ap;
= .2 2hy2 _99%s
% [(w + e2br2)p,(r, 0) 27230 (18)
and the solution is
Ps(r,6) = p(0)ps(r)
1 2 (p , a 4> ‘
- Z(E —_ 19
5 Nrexp[02<2r +aT 19
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Bringing the steady-state pdf back to Cartesian coordinates by
means of the relation

3y |
ps(x.y) ‘ 30 = ps(r, 0)
with x = r cosf and y = r sinf and %E)rc’,__;)) =r, yields

P%.y) =N’ exp {% [g G+ 02+ yz)ZB @0)

The extrema of p;(x,y) are determined by

_aps_z 2 2
0 = "o [ux + a(x? + y)x1ps (%)
0= _2 L 4 ate + ypIpa () @1
3y e ©®y YW IPs (%Y

which leads to x =y =0 and (x2 + y») = — p/a (for u>0),
which coincide with the fixed point/limit cycle of the deter-
ministic [p(#) = 0] normal form [Egs. (15)]. Qualitative
changes in the nature of the pdf also occur at the same bifur-
cation points as the deterministic system (i.e., u, = 0). Hence,
the bifurcation characteristics of a Dutch roll/wing-rock insta-
bility are robust to external excitation.

Systems with Two Critical Modes
For the case of an aircraft with marginally stable/unstable
Dutch roll and spiral modes, the relevant quantities, in the
notation of Eq. (4), are explicitly

x.={xyz} (22a)
e —w 0

A.=| @ € 0 (22b)
0 0

[:(6..2,0) = (fumX*y'2™, EumX*y'z™, humx*y'z™T
k+i+m=3 (22¢)
d.(t)={di(), dxt), dy()}" (22d)
where x,y represents the Dutch roll mode and z the spiral
divergence mode. Nonlinearities involving the stable state
variables may be ignored and cubic nonlinearities in the criti-
cal state variables are considered for a soft loss of stability.
The normal form for the system is given by

x'=px—awy + € [(ex —jp) (2 +y?) +(ex — hy)z?]
+em(t) (23a)

Y =wx +euy + e [(Jx +cy)(x2+y2) +(ey + hx)z?]
+e n(t) (23b)
2’ =[Nz +d(x*+y)z + b3 ] +e na(t) (23¢)

where the parameters b,c,d,e,g,h, after averaging, are related
to the system nonlinearities as follows:

¢ = (3f300 + S120 + 8210 + 38003)/8 (24a)
d = (ho1 + ho)/2, e= (fiz + g012)/2 (24b)

b= h0039



JULY-AUGUST 1991

J = (= 3fu30 — f210 + &120 + 38300)/8,
h = (- forz + 8102)/2 (240)
Making the white noise approximation, the Itd system is
dr = e(ur + erz? + cr’ + (SP¥/2r)dt + €S, dWy(t)  (25a)
d0 = [w + €(jr? + hz?))dt + €S,/r AWx(1) (25b)
dz = é(N\z + driz + bz3)dt + €S, AW;(t) (25¢)

where S; and S, are defined by

S§2= —l-j [cos(@T)[Ry1(7) + Rax(7)] + sin(wr)[R1a(7)

2
+ Ry (7)]}dr (26a)
Sz = j R33(T)d1‘ (26b)
R;j(1) = En:i(t + 7)n;(2)] (26¢)

The steady-state FPE takes the form:

o ¥ 3% o,
ar 00 dz
with
S)? (51)* 9ps
= 2 34 22 [ LA 2} 7.
J, [ur+erz tert+ | pem (27a)
N (Sz)z aps
- 2 ip2 21y, —WO2J CDs
Jo = [w + e2(jr* + hz®)]ps 22 or (27b)
S,)? 9,
J, = [\zdriz + bz’]ps—% aizs 27¢)

The present situation is not unlike that of the Hopf bifurca-
tion considered earlier. Let ps(r,z, ) take the form:

Ps(1,2,0) = ps(0)ps(r,z) = (1/27) ps(r,2) (28)
The 6 component of the FPE (8J,/36) is then identically zero.
This reduces the dimension of the FPE by one. It is convenient
to rescale the variables as follows:
defining the new state variables
r’'=v2r/8, 7' =V22z/8, 29
defining the new system parameters
b’ = bS/2, c¢'=cS¥2, d’'=dSi/2
e’ =eS3/2 30)

The FPE may now be written as

_
T o oz
with
2 3 9p
Jy=pr +(k—-8)rz*+cr’+ 1/’__67 (31a)
2 3_9p
Jo= Nz + (e + 0% + be? - (1b)
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with the understanding that all variables and parameters have

been rescaled (primes are omitted), and k and 4, for reasons

that will be apparent subsequently, are defined by
d=d’'—e’)/2, k=d' +e’)2 (32)

A potential flow solution defined by J, and J, = 0 at the steady
state can be obtained for the case 6 =0, as

rr z2 ¢ k b
Z) = — — = —p2z2 4 o4
ps(r,2) Nrexp(u2 +)\2 4r 2rz +4z> (33)

For a normalization constant N to exist, it is necessary that b
and c are negative and cb — k2 is positive in the event that k is

positive. We may rewrite Eq. (33) in the original system
parameters and variables as

' 2 rr c 2 22 b )
"2) = ’ [ —+ —r4 — [ N —2¢
ps(r,z) =N’ rexp [(Sl)z<“2 4r>+(S2)2< 2+4z

. i(..ef_ . _e_>,zz2]
PANCADANTAE

=N’ rexp [¢o(r.z)] (34)
where the potential flow condition é = 0 implies that

d e

L 35
S Gy 33

Bringing Eq. (34) to Cartesian coordinates with

X = r cosf, y =rsiné, z=z
0uy.z) |
a(r,6,z)
yields,
[ 80,2 |2
2y = A~ s :0J
P22 = | 15 0,2) ] per:6,2)

=N" exp [ [(x* + y*)*%, z]] (36)
It is easy to verify that deterministic fixed points/limit cycles

carry over as the extrema of p,(x,»,z). Since

b _ 2 2, 2 [L L] .
AT Il TR i

= @[px +c(x2 + y¥)x + exz?]ps

using Eq. (35), and similarly,

p, 2

a_p; =GR W e Ny + el (7a)
1
2

%'izf ~GF Az + bz® + d(x? + y¥)z]Dps (37b)
2

the extrema are then defined by
0 = px + c(x? + yH)x + exz? (38a)
0=py +c(x?+y2)y +eyz? (38b)

O0=Nz +bz3+dr’z (38¢c)
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which are precisely the equations defining the bifurcation
behavior of the deterministic system. This indicates that the
bifurcation behavior of the system is robust provided d/(S,)?
= e/(S1)*>. Hence, for the case of coupled Dutch roll/spiral
instability, deterministic bifurcation characteristics are pre-
served if the relative degree of mode interaction and external
excitation is the same for each mode.
Near Potential Flow Systems

For the case of small deviation from the potential flow case
considered in the last section, it is expedient that a new ap-
proach be used in solving the FPE. The idea is a straightfor-
ward analogy of integrable and near-integrable systems in
Hamiltonian dynamics and is partly inspired by the Hamilto-
nian formalism employed by Soize.!” Potential flow systems
can be regarded as the ideal case whereby deterministic charac-
teristics are preserved under random excitation and near-
potential flow systems as the actual physical situation. The
effects of external excitation and mode interaction between
the critical modes can then be examined by using regular
perturbation theory. The problem can be stated in general
terms as follows:

Let po = N exp(¢o) be the steady-state probability density
function for the potential flow system governed by the FPE:

2 1 op
0= —— D—— Qii—
o, [mop 2 Qi ax,] 39)

Now consider the FPE for the near-potential system:

3 1 9
= - '5.;‘ [(mo,- + émli)p_i (Qij + teij) a_z;:l (40)

Let the solution be given by

p= Nexp(qb(, + ;le'kb,,) =pi(l +epy +€pr+...) (412)

where
Po=exp(do), P1=01, Dr=dr+d3/2,... (41b)

and we define the following operators:

3 1 _ a()
q= -—— () == O;—= 42
LO[ ] ax,- [m01( ) 2 Qu ax,] ( a)
) 1 a)
J= —— () == O0;— 42b
Ll[ ] ax; [mll( ) 2 Qu axl:l ( )
Substituting in the FPE for the near-potential system:
(Lo + eLy) [po(1 + €p T+ Ezpz + ...]=0
the following system of equations is obtained:
Lo[po) =0 43a)
Lolp1 pol = — Li[pol (43b)
Lo[pn pol = — Ly[Pn-1 Pol (43¢)

It shpuld also be noted that since p, is the potential flow
solution, the operator Lo[p, pol can be written as

a Q~-6po> Qij  Opn
Lolp, pol = — — o %% & 9Pn
olP» Dol o, [(mo,po 2 ax, Pn =P o,

[, o
2 9% [1’0 axj] “4)
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which is a linear, self-adjoint operator. For the case of small
deviation from the potential flow condition, & = €5, the rele-
vant terms for the rescaled system [Eq. (31)] are explicitly:

(ur+lrser’+ k_rz2} . { - arzZ}
Mo = N+ b3+ krz ) ! oriz

20 00

and the potential flow pdf [po = N exp(¢o)] is given by Eq.
(33). Hence, the O(¢) equation is

af, 1), 2 %)
ar(p° 6r> + 6z<po az

d d
= 5<5; [~ rz?pol + 5;[”@0]) 45)

Although many methods exist for the solution of self-adjoint
operator equations, in this problem, mode expansion (Galer-
kin’s method) leads to a simple interpretation of the effects of
mode interaction in terms of the moments of the potential pdf.
First, define a scalar product

<u,v>=§ S u-vdrdz (46)

0

and denote the moments of the potential flow probability
density function by

M(m,n) = Elr,z,] = S g r"z"pe dr dz @7
—o0sJ0 .
Picking trial functions of the form r™z", let

¢ = E E Cpan 12" 48)

Substituting into the O(e) equation, and taking the scalar
product with the weight functions denoted by r?z*,

<rezs, Lo[ Dol Y C,,,,,r"‘z"] > = <rfz5, —Lilpl> (49)
m n
leads to

Y Y (mpMp + m—2, s +n) + nsM(m +p, s + n—2)]
m n

X Cpn = 0[sM(p + 2, s) — pM(p, s + 2)] (50)

It is meaningful to regroup terms in the Itd system representa-
tion of Eq. (31):

dr = [(n + ezdr + cr® + 1/r] dt + V2 dWi(1) (51a)

dz = [( N +dr?)z + bz®] dr + V2 dWy(t) (51b)

Observe that, with respect to the Dutch roll mode r, the spifal
divergence mode z behaves like a linear multiplicative noise
source in 7 through the mode interaction term ez?r. Thereis a
similar behavior for the divergence mode. Hence, one expects
the dominant effects of mode interaction to occur via changes
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in the unfolding parameters A and u. Using a three-mode
expansion, ¢; = Cyyr?2 + C 7z + Cppz?, Eq. (50) reduces to

4M(2,0) 0 0 Cy
0 MQ,0) + M(0,2) 0 Cn
0 0 4M(0,2) Con
~2M(2,2)
=5 0 (52)

MQ2,2)

There, the first-order approximation to the steady-state pdf is

Ds(r,z) = N explgo + e¢y]

-N aM(z,z)] r?
=N BT M2 | 2
22 ¢

k b
)<_|_4 - 22|___4 53
2 TaT TR 4z} ©3)

oM(2,2)
[)‘ e 2M(o,z)]

and the effective unfolding parameters are defined by

M (2,2) SM(2,2)

=y - —— f o\ —2 54
W=p e a0y A € 2M(0.2) (54)

The extrema of the pdf Eq. (53) are given by

s _ ., 24 y2 2y =
™ =[u'x+c(x?+y)x + kxz¥|ps=0 (55a)

._aps — 24 42 My =

ay—[uy+c(x +y3y + kyz?lps =0 (55b)

_ap S — ’ ) 2 2 —
az—[)\z+bz +k(x2+y2)zlp; =0 (55¢)

These equations take the same form as those defining the fixed
points of the deterministic system except that. the effective
unfolding parameters u’, A’ have to be used instead. It should
be noted that the moments M(2,0), M(0,2), and M(2,2) are
also functions of x and . Furthermore, since the moments are
positive, mode interaction has a beneficial effect on the stabil-
ity of one mode and is detrimental to the stability of the other.
This is evident from Eq. (54) where the correction term is seen
to increase the unfolding parameter for one mode but de-
creases the unfolding parameter for the other. For a positive
deviation (6 > 0), the Dutch roll mode will experience the stabi-
lizing effect, whereas a negative deviation (§<0) favors the
spiral mode.

It is instructive to consider a particular example in détail.
Taking the following patameter values for the unscaled deter-
ministic [n(z) = 0] system of Egs. (23):

b=c= -1, d=e= -0.5
the fixed points of the deterministic system (where defined) are
given by

Trivial fixed point:

0,0
Primary bifurcation:
(75,0) = (Vp,0)
0,2,) = 0,VN)
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Secondary bifurcation:

(rs»zs) = [J(4p — 2N /3, J4N —2u)/3) (56)

The following excitation intensities are chosen:
Case 1:

5, =1.05, S,=0.95, (6= -0.025
Case 2:
5,=095 S,=1.05, (6 = 0:025)

The effect of the nonzero deviation § is apparent in Fig. 1,
where the primary bifurcation z, for the deterministic system
is compared with the corresponding extremum of the proba-
bility density function for = —1. It can: be seen that a non-
zero deviation from potential flow conditions can either ad-
vance or delay the primary bifurcation.

In Fig. 2, the secondary bifurcation is examined for A=1.
The z, component is plotted against p and compared with the
two corresponding stochastic cases. The-excitation intensities
are the same as earlier. It can be observed that the delay of the
primary bifurcation caused by a negative deviation from po-
tential flow conditions (case 1) is also present in the secondary
bifurcation. On the other hand, a small change in the excita-
tion intensities resulting in a positivé deviation (case 2) has a
totally opposite effect. Similar results are obtained for other
combinations of system parameters and excitation intensities.
This example illustrates the nontrivial effects of external ran-
dom excitation on the interaction of critical modes and

%
0.2 + 0
2
0.154
0.1
0.054

.0.01

Fig. 1 Primary bifurcation: 0) deterministic; 1) stochastic
(6= —0.025); 2) stochastic (6 =0.025).

Zs
0

404
+ $ Y - 4 1)
1.7 1.8 1.9 2.0 2.1

Fig. 2 Secondary bifurcation: 0) deterministic; 1) stochastic
(5= —0.025; 2) stochastic (6 =0.025).
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Fig. 3 Probability density function: independent excitation (k =0).

“ pS(xvyj

Fig. 4 Probability density function: correlated excitation (X =0.02).

demonstrates that the bifurcation behavior of systems with
two marginally stable/unstable modes is not robust to external
ranndom excitation.

Extension to Other Codimension Two Bifurcation

The perturbation method outlined earlier may also be ap-
plied to systems with two pairs of marginally stable/unstable
complex eigenvalues or two marginally stable/unstable real
eigenvalues. To further emphasize the quasimultiplicative
noise effect of critical mode interaction encountered earlier,
consider a system with two uncoupled deterministic modes,
each capable of a soft loss of stability (simple bifurcation),
perturbed by weakly correlated external excitation:

mo={px +ax?, Ny +by3}7, m,={0,0)T
20 0 2k
. = 57
Q <0 2>, o1, <2k 0) G7

where k is the correlation coefficient of the external excitation
on each mode and 4, b <0 for a soft transition. In this case,

J. GUIDANCE

the mode expansion leads to
Y Y mpM(p+m—2,s+n)+nsM(@m+p, s +n—2)]
m n
X Cpn = —2kspM (p—1, s— 1) (58)

the dominant effects of correlated excitation occur through
the mode ¢, = C;xy with

-2k

S YR M(2,0)

(59

As can be seen from Figs. 3 and 4, correlated excitation alters
the relative values of the extrema of the probability density
function with respect to the ideal (potential flow) system
(k =0), but the unfolding parameters u and A are unaffected
by the external excitation at the lowest order.

Example: Lateral Flight Dynamics of Rigid Aircraft

Some of the key ideas outlined earlier are now illustrated
with a simple example on the lateral dynamics of rigid aircraft.
The linear lateral stability derivatives are based on the Piper
Cherokee example in' McCormick.!® At a lift coefficient of
1.85, the system in dimensional time is defined by

8’ —0.0775 —0.0013 —0.9946 0.3619
p'l | -3.630 -2630 1214 0
r 1.131  —0.2086 -0.2477 0
Y 0 1 0 0

8 0 —0.0013

P (183)8° -2.630

P,(t 60

et nB3)8° —0.2086 2(") 60)

¢ 0 0

The eigenvalues are — 0.0899 = 1.35437, 0.0332, — 2.8089.
Hence, the Dutch roll mode is marginally stable and the spiral
mode is marginally unstable. For simplicity, it is assumed that
only the roll and yaw equations exhibit a cubic dependence on
the sideslip angle 8. The turbulence model is adapted from the
material in Roskam,!? and only the effects of random excita-
tion on the roll rate will be considered. The power spectral
density for P,(¢) is given by

0.006390

Blw) = —
© =170.18427

(61)

where the intensity is taken to be 21 ft/s and the scale factor
as 2500 ft to represent conditions in a thunderstorm. Bringing
the system to canonical form and averaging, the cubic coeffi-
cients of the reduced system are now linear functions of /83
and ng3:

¢ = —(2.3844/83 + 2.0933n33)10 2
e = —(5.6552I33 + 4.9648n33)10~*
b =(9.9081/83 + 32.091n33)10 -3

d = (2.5066/83 + 8.1185n33)10 2
§2= 0.04285r Ry, (7)cos(1.35437) dr
= 0.04286 27®(1.3543) = 1.236 x 103
8% = 0.9709r Ryp(7) dr

= 0.9709 2x$(0) = 3.899 x 10-?2
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For a soft loss of stability, Eq. (33) states that b,c <0, i.e.,

np3<0, 0.878( —~ nf3)<1B83<3.228(—nP3) (62)
The bifurcation behavior of the deterministic system is pre-
served provided 8 = 0[Eq. (35)]. This leads to

183 = —2.28np3 (63)

which is well within the constraints for a soft transition but
occurs only for this special relationship between the nonlinear
aerodynamic coefficients and is dependent on the intensity of
the external excitation. Furthermore, it is preferable in prac-
tice to stabilize the Dutch roll mode at the expense of the spiral
mode. This is achieved if §>0, i.e., the nonlinear coefficients
must satisfy

183> — 2.28n(3 (64)

Given the actual values of the nonlinear coefficients; Eqs.
(62-64) then provide an indication of the dynamics at large
angles of attack and sideslip for the level of external excitation
assumed.

Conclusions

The major conclusions of this investigations are as follows:

1) The bifurcation behavior of systems with two critical
modes is nonrobust in the presence of external random excita-
tion. The deterministic bifurcation behavior is preserved only
under special conditions. Otherwise, random external excita-
tion can modify the unfolding parameters through the system
nonlinearities.

2) It is not the actual intensity of the excitation that is
important but rather the relative degree of mode interaction
and intensity of external excitation in each mode that deter-
mines the bifurcation behavior.

3) For the case of marginally stable/unstable Dutch roll/
spiral modes, external random excitation has an opposite ef-
fect on the two unfolding parameters. In practice, this indi-
cates that one mode is stablized by external random excitation
only at the expense of the other mode.

Finally it should be noted that the ideas outlined here are
not restricted to problems in flight dynamics. In aeroelasticity,
a fairly similar situation occurs. The governing partial differ-
ential equations in aeroelasticity can be reduced to a system of
ordinary differential equations by means of modal expan-
sion.? Flutter instability then corresponds to a Hopf bifurca-
tion and divergence instability to a simple bifurcation. Similar
conclusions with regard to the effects of external random
excitation can be made.

CRITICAL MODE INTERACTION WITH RANDOM EXCITATION m
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